We investigated the transmission probability of a single electron transmission through a quantum ring device based on the single-band effective mass approximation method and transfer matrix theory. The time-dependent Schrödinger equation is applied on a Gaussian wave packet passing through the quantum ring system. The electron tunneling resonance peaks split when the electron transmits through a double quantum ring. The splitting energy increases as the distance between the two quantum rings decreases. We studied the tunneling time through the single electron transmission quantum ring from the temporal evolution of the Gaussian wave packet. The electron probability density is sensitive to the thickness of the barrier between the two quantum rings.
I. INTRODUCTION
Advanced nanometer scale crystal growth techniques enable people to fabricate semiconductor quantum structures, such as quantum wells, quantum wires, quantum dots, and quantum rings ͑QRs͒, in which an electron moves with coherency. These low-dimensional quantum systems have attracted a great deal of attention because of their quantum confinement effects.
Quantum ring ͑QR͒ nanostructures has been intensively investigated for their potential application in quantum information processing and low-dimensional semiconductor optoelectronic devices. On the experimental side, Deaver 1 observed experimentally quantized values of magnetic flux trapped in hollow superconducting cylinders. Mailly et al. 2 investigated the measurements of the magnetic response of a mesoscopic ring consisting of GaAlAs/GaAs. Large Aharonov-Bohm ͑AB͒ oscillations were observed for magnetic fields 0 Ͻ B Ͻ 4.5 T in GaAs/AlGaAs coupled four-ring and two-ring models by Liu et al. 3 Optical emission from a charge-tunable QR and energy spectra of QRs were reported by Warburton and Fuhrer, 4 respectively. Using the StranskiKrastanov growth mode, high-quality self-assembled semiconductor QRs can be fabricated by solid-source molecularbeam epitaxy 5 to investigate QR properties such as electronic structure and bias-dependent optical transitions. 6 Recently, more reports about complex QR structures have appeared. Stacked layers of self-assembled In͑Ga͒As QRs on GaAs grown by solid source molecular beam epitaxy were discussed by Granados et al. 7 Hanke et al. investigated a shape transformation during the vertical stacking of InGaAs QRs on GaAs. 8 Two concentric QRs nanostructures were shown in Refs. 9-11. Furthermore, a large body of theoretical work on the properties of QRs has been reported. Aronov et al. 12 studied the magnetic flux effects in multiply connected conductors consisting of normal metals and superconductors, for instance, a one-dimensional ring and a hollow metal cylinder. Time-dependent Schrödinger operators in AB geometries where the flux threading the hole increases linearly with time was discussed by Avron et al. 13 Takai calculated the quantum transport through a one-dimensional ring with tunnel junctions.
14 It was shown that the transmission probability of a mesoscopic ring coupled with tunnel barriers demonstrated transmission resonances and the oscillatory behavior was influenced by the presence of a tunnel barrier and by magnetic flux. The resonant tunneling in an AB ring with a quantum dot in one of its arms was investigated by Wu et al. 15 They demonstrated the experimental results with a onedimensional noninteracting model. Tan et al. 16 studied magnetization and persistent currents of electrons confined in two-dimensional mesoscopic rings and dots. Their results showed that the persistent current is proportional to AB type oscillations under a weak magnetic field.
QRs have also attracted attention because of the interesting differences in the optical and confining properties between quantum dots and QRs. Li and Xia calculated the electronic states, valence band structures and electronic structure, and transport properties of QRs. 17 Shallow-donor levels, electronic and optical properties under magnetic fields, energy structure, electronic structure under a lateral electric field, energy states and magnetization, and magneto-optical transitions were discussed for QRs in Refs. 18-23, respectively.
Recently, a number of theoretical works on the properties of complex QRs appeared. Few-electron eigenstates in coupled concentric double QRs were investigated by Szafran et al. 24 Malet et al. 25 studied the energy spectra of homonuclear and heteronuclear vertically double QRs at zero magnetic field. Piacente et al. 26 studied electron relaxation in coupled QRs under the electric and magnetic fields.
When resonant transmission in the QR or QRs is used in quantum computing and high speed devices, it is important to know the transmission time of a single electron through QR. Meanwhile, it is useful to research the Gaussian state's translation from one QR to another in the QRs. 27 In principle, one can study the tunneling dynamics by solving the time-dependent Schrödinger equation, so it is important to research the transmission time in QRs ͑simplified model͒ and use these results for transmission dynamics in realistic systems.
Using the finite square model, we first study the tunneling probability of a single electron through a single and double QR. Then, we show the temporal evolution of a Gaussian wave packet to calculate the transmission time of the single electron tunneling across the single and double QR. Our theoretical results should be beneficial in the design of optimum high-speed resonant-transmission devices and in applying QRs to quantum computing.
II. THEORETICAL MODEL
The single electron transmission quantum ring ͑SETQR͒ consists of one or two quantum rings that are embedded in a matrix and connected to an emitter ͑left͒ and a collector ͑right͒, respectively. In Fig. 1 , the SETQR consists of two equally sized QRs that are in line and separated by interspace d. The inner radius of the QRs is r in , and the outer radius is r out . Figure 1͑b͒ shows the connecting length from emitter to QR 1 is L 1 , and from collector to QR 2 is L 2 . The material of the QR is GaAs with potential V 2 and inside the inner ring is Al x Ga 1−x As with potential V 1 . The matrix is occupied by Al x Ga 1−x As with potential V 3 . In this paper, the unit of energy is given in terms of the effective Rydberg If the distance d between the two QRs equals to zero, then the SETQR is changed from a double QR to a single QR. Because the vertical confinement in the z direction is usually stronger than in the lateral directions, we can safely use the adiabatic approximation. The wave functions of the system can be written as ͑r , z͒ = ⌽͑r͒͑z͒; here ⌽͑r͒ is the wave function of the radial equation ͑r is radial coordinate͒ and ͑z͒ is the wave function of the longitudinal motion. Using the single-band effective mass approximation method ͑neglecting interband coupling, intervalley coupling, and strain effects͒, the equation of the radial motion of a single electron in the single QR can be written as
where E n,m ͑z͒ is the quantized energy level, and n and m are the radial and angular quantum numbers, respectively. The effective potential is
· ͑2͒
The wave functions in the radial equation are expanded by a set of Bessel functions as follows:
· ͑3͒
The wave vectors
The BenDaniel-Duke boundary condition 28 is used for the effective mass model at interfaces r = r in and r = r out to obtain the quantized energy level E n,m ͑z͒.
The equation of the longitudinal motion of a single electron in SETQR is 
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The longitudinal wave function is written as
where k in = ͱ E − E m,n ͑z͒ − V͑z͒ and k emi = k col = ͱ E are the wave vectors in the SETQR, emitter region, and collector region, respectively. E is the incident energy of the electron. At each interface, the current flux density requires the continuity of the wave function and its derivative. We then obtain the transmission probability ͑equate T 2 or 1 − R 2 ͒ of the SETQR using the theory of transfer matrices. 27, 29 Finally, we build the time-dependent wave function using a Gaussian wave packet as
͑7͒
where
where ͑k͒ is a Gaussian wave packet centered at k = k 0 and ⌬k is the width of the wave packet in the k-space.
III. RESULTS AND DISCUSSION
We performed the numerical calculations for SETQR consisting of GaAs/ Al x Ga 1−x As material ͑in this paper, x = 0.33͒. In this SETQR system, the offsets of the conductionband edge are evaluated using the expression Considering the conditions of low-temperature and single electron transmission, the angular quantum number m = 0 and radial quantum number n = 1 are studied in the following calculation. Figure 2 shows the tunneling probability as a function of the electron energy E for different interspace d, respectively. The solid line is the trace of the tunneling probability of the electron through the SETQR, with the distances h 1 + h 2 =3L 1 =3L 2 = 6.0 nm, and d = 0. The dashed, dotted, and dash-dotted lines are the curves of the tunneling probability for the SETQR with the distances h 1 = h 2 =3L 1 =3L 2 = 6.0 nm and the spaces between the two QRs d = 2.0, 1.0, and 0.5 nm, respectively. The radii r in = 10 nm, r out = 20 nm in the SETQR. Figure 2 demonstrates the split of resonance peaks strongly depends on the space between the two QRs d. When interspace d 0, the SETQR can be considered artificial molecules, so the states in the two QRs with the same energy will couple, shifting one state up and the other down. This phenomenon is also shown in Fig. 3 , which displays the tunneling probability as a function of the electron energy for the interspace d = 0.5, 1.0, . . . , 5.0 nm, respectively. Other distances are h 1 = h 2 =3L 1 =3L 2 = 6.0 nm. This threedimensional figure demonstrates that the split of resonance peaks almost disappears when d = 4.5 nm because of the splitting of the resonance energy level generated from the inter-ring coupling. The inter-ring coupling becomes weaker when the interspace is wide enough.
We next discuss the numerical results for the timedependent wave function ͑TDWF͒, which is expressed in Eq. ͑7͒. Figure 4 reveals the electron probability density ͉͑z , t͉͒ In the following calculation, the center of the Gaussian wave packet arrives at position z = 0 when t = 0 fs. The solid and dotted lines correspond to ͉͑z , t͉͒ 2 and Im ͑z , t͒, respectively. Figure 4 shows the time-developed process of the wave packet, from injection to reflection and transmission. From the beginning to t = −40 fs, the wave packet injects into the SETQR; then, from t = −40 fs to t = 40 fs, it interacts with the SETQR; finally, the wave packet splits into a reflected wave packet and a trapped wave packet, and a part of the latter runs out the SETQR and into the collector in the time period 40Ͻ t Ͻ 200 fs.
A similar process for the TDWF in a SETQR with interspace d = 2 nm is shown in reaches its maximum at t = 24.13 fs and then the probability density appears to decay exponentially, which is qualitatively similar to the temporal evolution of photoluminescence intensity measured by Tsuchiya et al. Figure 7 demonstrates that additional peaks appear with the main peaks because the electron states couple and the electron tunnels back and forth in the SETQR. Figure 8 reveals the probability density ͉͑z , t͉͒ 2 as a function of time t for different interspaces ͑d = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 5.0, and 6.0 nm͒ in a SETQR with the distances h 1 = h 2 =3L 1 =3L 2 = 6.0 nm and the radii r out =2r in = 20 nm. The Gaussian wave packet has the wave vector k 0 = 3.16ϫ 10 8 m −1 and the width ⌬k = 0.8ϫ 10 8 m −1 . The three-dimensional plot ͑top of the figure͒ yields a contour plot on a plane in order to help visualize the interspace dependence. The contour plot shows the maxima of the probability density appear almost at the same time for the different interspaces. However, the decay time is remarkably different as the interspace d increases from 0.5 to 6.0 nm. When d Ն 4.0 nm, the curves have similar trends for the SETQR and a SETQR with d = 0. We believe that this phenomenon is due to the coupling of the quasi-bound states in the SETQR. The coupling in the SETQR almost disappears when the interspace is wide enough.
IV. SUMMARY
We theoretically calculate the tunneling probability, the tunneling-time of an electron wave packet, and the lifetime of the resonance state in several SETQRs using the effectivemass approximation and transfer matrix theory. Our calculated results should be useful for designing optimum highspeed resonant-transmission devices and for SETQR application in quantum information processing and quantum computing.
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